Abstract. Let G be the cyclic group of order n and suppose F is a field containing a primitive n th root of unity. We consider the ring of invariants F[W ]
Introduction
Let n ≥ 3 be a positive integer and let G denote the cyclic group of order n. Let F be a field which contains a primitive n th root of unity, ǫ. Let σ denote a fixed generator of G. There are n inequivalent irreducible representations of G over F, each of dimension 1. We denote these by W b with b = 1, 2, . . . , n where G acts on W b via σ · w = ǫ −b w for all w ∈ W b .
In this paper, we compute the graded Betti numbers for the minimal graded free resolutions for the invariant rings F [W ] G , when W = W b ⊕ W c is two dimensional or W = W b ⊕ W c ⊕ W d is three dimensional and G ⊂ SL(W ). In each case, we first describe a minimal set of generators for F [W ] G (taken to be monomials since the G action is diagonal) to produce a short exact sequence:
these minimal graded free resolutions are pure (the differentials have a fixed polynomial degree), so that the graded Betti numbers for LT (J) and for J are the same.
The two and three dimensional cases are treated in Sections 3 and 4, respectively. In the three dimensional case, we have W = W b ⊕W c ⊕W d , 0 < b, c, d < n, G ⊂ SL(W ), and F[W ] = F[x, y, z]. Since G ⊂ SL(W ) we have that n divides b + c + d, so that the product of the three linear variables a = xyz is a minimal (since 0 < b, c, d < n) generator of F [W ] G . It follows that all other minimal generators involve only two of the variables and so correspond to generators arising in the two dimensional case. We will describe a set of m + 1 minimal generators for this ring to produce a short exact sequence:
Also we will describe elements R i,j for certain i, j with LT(R i,j ) = B i B j , that form both a minimal generating set for J and also a Gröbner basis for J. In the paper [CHW] , an explicit minimal resolution was constructed for this lead term ideal LT(J) over S.
We would like to thank the referee for a number of expository suggestions and for a simplified proof of Proposition 5.3.
Minimal Resolutions and Graded Betti Numbers
In this section we describe minimal resolutions and some related ideas. We refer the reader to the books [CLO] and [M-S] for further details.
Let R = F[x 1 , x 2 , . . . , x m ] be a graded polynomial ring with each deg(x i ) a positive integer, and let I be a homogeneous ideal in R. Then the minimal graded free resolution of R/I has the form:
, and R(−j) is the free R-module obtained by shifting the degrees of R by j. The number β i,j (R/I), the (i, j)-th graded Betti number of R/I, equals the number of minimal generators of degree j in the i-th syzygy module of R/I.
One also defines graded Betti numbers, β i,j (I), for the ideal I as follows: if · · · → M 1 → M 0 → R/I → 0 is a minimal graded free resolution of R/I, then · · · → M 1 → I → 0 is a minimal graded free resolution of I. Using the standard conventions that β −1,0 (I) = 1 and β −1,j (I) = 0 for all j > 0, it follows that β i−1,j (I) = β i,j (R/I) for all i, j ≥ 0.
If we are given a monomial order for R = F[x 1 , . . . , x m ] and if I is a homogeneous ideal in R, then we let LT(I) be the ideal generated by the leading terms of the elements of I. A Gröbner basis for I is a set of elements of I whose lead terms generate LT(I). By a simple lead term argument it can be shown that the elements of a Gröbner basis for I generate I. Since LT(I) is a monomial ideal, it makes sense to consider the polynomial degree of elements (defined by setting the degrees of the x i equal to 1.) So for LT(I) we have two sets of Betti numbers, which we will call the graded Betti numbers and the polynomial Betti numbers.
In general, the minimal graded free resolutions of R/I and R/ LT(I) can have different graded Betti numbers. However, in some cases, they are equal.
Lemma 2.1. ( [CHW] Section 6) Let I be a homogeneous ideal in the graded ring R = F[x 1 , . . . , x s ] minimally generated by a Gröbner basis, {z 1 , . . . , z k }, where, for each i, the polynomial degree of the lead term of z i is less than or equal to the polynomial degree of the other terms of z i . If (M * , d * ) is a minimal graded free resolution of R/LT (I) that is pure (i.e., where each of the differentials is homogeneous with respect to the polynomial degree), then there exist differentials d * so that (M * , d * ) is a minimal graded free resolution of R/I. In particular, the graded Betti numbers for R/I and R/ LT(I) are the same.
In this paper, we are particularly interested in the graded Betti numbers for invariant rings F [W ] G . These are defined as follows: if {b 1 , . . . , b m } is a minimal set of homogeneous generators for
G , where deg(x i ) = deg(b i ) and x i maps to b i . The kernel of this homomorphism, say I, is homogeneous and is called the ideal of relations for
It will turn out that Lemma 2.1 applies to all of the invariant rings considered in this paper. 
Two Dimensional Case
Consider the short exact sequence
where the U i are indeterminants, π(U i ) = u i for i = 1, 2, . . . , m, and J is the ideal of relations for F[W ] G . We put deg(U i ) := deg(u i ) and work with the following monomial order on S, for monomials α =
(2) deg(α) = deg(β) and e i < f i for the largest i where e i = f i . For a homogeneous polynomial f in S: LT(f ) and LM(f ) will denote the lead term and lead monomial, respectively.
We now describe a minimal generating set for the ideal of relations J. For each pair i, j, with 1 ≤ i, j ≤ m and j − i ≥ 2, consider the product
G . The monomial u i+1 properly divides u i u j and so α := (
Note that R i,j ∈ J, that its lead term LT(R i,j ) = U i U j is quadratic, and that its other term has polynomial degree at least 2.
form a Gröbner basis for J and minimally generate J.
Proof. We assume, by way of contradiction, that the R i,j do not form a Gröbner basis for J. Choose a homogeneous element f ∈ J with β := LM(f ) minimal such that β is not divisible by LT(R i,j ) for all i, j. We can assume that f is monic, and, since
for some 1 ≤ i ≤ m, some positive integer p, and some non-negative integer q (where
Similarly,
we have a contradiction. Thus the elements LT(R i,j ) give a Gröbner basis for J and so also generate J. Finally, since the leading terms of the R i,j are distinct and quadratic, and their non-lead terms have polynomial degree greater than or equal to 2, they minimally generate.
In Section 5 below, we will find the polynomial Betti numbers for a class of monomial ideals which includes the ideal LT (J) . Proposition 5.3 applied to LT(J) yields the following result:
Proposition 3.2. The polynomial Betti numbers for the ideal LT (J) are:
otherwise.
Since the non-zero polynomial Betti numbers β i,j for a fixed i are concentrated in a single j, it follows that the minimal graded free resolution of LT(J) is pure. Lemma 2.1 then implies that the graded Betti numbers for the ideal J are the same as for LT (J) . Following the conventions relating Betti numbers of J to Betti numbers of S/J, we obtain the following proposition.
where rank(M 0 ) = 1, and, for 
G is generated by the monomials u 1 = x 10 , u 2 = x 8 y, u 3 = x 6 y 2 , u 4 = x 4 y 3 , u 5 = x 2 y 4 , and u 6 = y 5 . The ideal of relations, J, has ten minimal generators: G . The other generators can be chosen as follows:
with a 1 > a 2 > · · · > a r = 0, and 0 = b 1 < b 2 < · · · < b r .
• v j = y 
• w k = z e k x f k for k = 1, 2, . . . , t with e 1 > e 2 > · · · > e t = 0, and 0 = f 1 < f 2 < · · · < f t .
where A and the B i are indeterminants; π(A) = a; π(B i ) = u i , for i = 1, 2, . . . , r; π(B r+j ) = v j , for j = 1, 2, . . . , s; π(B r+s+k ) = w k , for k = 1, 2, . . . , t; and J is the ideal of relations. We set deg(A) = deg(a) = 3; deg(B i ) = deg(π(B i )), for i = 1, . . . , r + s + t and work with the following monomial order on S, for monomials
and Note that the three ordered sets T 1 = {B 1 , B 2 , . . . , B r+1 }, T 2 = {B r+1 , B r+2 , . . . , B r+s+1 }, and T 3 = {B 1 , B r+s+t , B r+s+t−1 , . . . , B r+s+1 } map to the monomials in F [W ] G not divisible by z, by x, and by y, respectively. This monomial order is carefully chosen to be compatible with these three sets and to ensure that the elements of the minimal generating set given in Proposition 4.2 below form a Gröbner basis for J.
For the remainder of this section, we will let m = r + s + t. Now we construct a minimal generating set for J. The following distance formula will be useful. 
This is just the natural distance function on the vertices of a labelled m-gon.
Consider the products B i B j with 1 ≤ i < j ≤ m and ||i − j|| ≥ 2. If B i and B j are both in T 1 (they map to monomials not divisible by z), or both in T 2 , or both in T 3 , then construct R i,j , with leading term B i B j , as in the two dimensional case. If B i and B j are not both in the same T k , then π(B i B j ) is divisible by a = xyz, so π(
G . Choose a monomial α i,j ∈ S with π(α i,j ) = π(B i B j )/a and define R i,j = B i B j − Aα i,j , which has leading term B i B j (since a monomial divisible by A is smaller than another of the same degree which is not divisible by A). Of course, for all i, j, the non-lead term of R i,j has polynomial degree greater than or equal to 2. Proof. Note that since π preserves degree, the ideal J is homogeneous, so can be (minimally) generated by homogeneous elements. Also note that if f is any homogeneous element of S for which A divides LM(f ) then A divides f . From this, it follows that A cannot divide the lead monomial of any minimal homogeneous generator of J.
We assume, by way of contradiction, that the R i,j do not form a Gröbner basis for J. Choose a homogeneous element f ∈ J with β := LM(f ) minimal such that β is not divisible by LT(R i,j ) for all i, j. We can assume that f is monic, and, since
G is generated by monomials, that f is a difference of two terms:
and no leading term divides β, we conclude that β = B G as in the two dimensional case. Hence these monomials cannot be lead terms for relations and so the R i,j form a Gröbner basis for J and so also generate J.
Since the leading terms of the R i,j are distinct and quadratic, and their non-lead terms have polynomial degree greater than or equal to 2, they minimally generate.
We now describe the minimal graded free resolution of F[W ]
G ∼ = S/J. The following result allows us to work modulo the principle ideal generated by the element A ∈ S. Since the non-zero polynomial Betti numbers β i,j for a fixed i are concentrated in a single j, it follows that the minimal graded free resolution of LT(J) is pure, so Lemma 2.1 implies that the graded Betti numbers for the ideal J (which are also the same as for J) are the same as for LT (J) . Again, following the conventions relating Betti numbers of J to Betti numbers of S/J, gives the following proposition. G ∼ = S/J as an S-module is of the form
where rank(M 0 ) = rank(M m−2 ) = 1, and, for
. The basis element of M 0 is in polynomial degree 0; the basis elements of M i , 1 ≤ i ≤ m − 3, have polynomial degree i + 1; and the basis element of M m−2 has polynomial degree m. Remark 4.6. A special case of the above result, when n = 1 + e + e 2 , b = 1, c = e, and d = e 2 , can be found in [CHW] . In that paper, we explicitly described basis elements and differentials for the resolution of S/ LT(J) and then constructed a contracting homotopy to prove exactness. The techniques used in Section 5 are much simpler.
Example 4.7. Let G = Z/6 and let
, and b 6 = x 3 z. The ideal of relations, J, has nine minimal generators:
The polynomial Betti numbers for S/ LT(J) (see Example 5.4) are: β 0,0 = 1 β 1,2 = 9 β 2,3 = 16 β 3,4 = 9 β 4,6 = 1.
The graded Betti numbers for S/ LT(J) and S/J are: j : 0 . . . 6 7 8 9 10 11 12 13 14 15 16 17 18 . . . 24 β 0,j : 1 β 1,j : 1 2 3 2 1 β 2,j : 2 4 4 4 2 β 3,j : 1 2 3 2 1 β 4,j : 1
Graded Betti Numbers for Some Monomial Ideals
Let R = F[x 1 , . . . , x m ], and let I be an ideal in R that is generated by square-free quadratic monomials. Then I can be described as the edge ideal of a simple graph. Here are the relevant definitions and results we will need (we follow the exposition of [HvT] ).
Let X be a finite graph with vertex set V X = {x 1 , x 2 , . . . , x n } and edge set E X . The graph X is called simple if X has no loops or multiple edges. A simple graph need not be connected -we let #comp(X) denote the number of components of X. When Y is a subset of V X , the induced subgraph of X on the vertex set Y , denoted X Y , is the subgraph of X with vertices Y and edge set consisting of the edges in X connecting vertices in Y . The complement of a graph X, denoted X c , is the graph whose vertex set is the same as X, but whose edge set is the complement of the edge set of X: the edge {x i , x j } ∈ E X c if and only if {x i , x j } ∈ E X . The complete graph on a set of vertices is the graph with exactly one edge for each pair of distinct vertices.
A simplicial complex ∆ on a vertex set V ∆ is a collection of subsets of V ∆ such that: (i) for each vertex x i ∈ V ∆ , the set {x i } ∈ ∆, and (ii) for each set F in ∆, if E ⊆ F , then E ∈ ∆. An element F of a simplicial complex ∆ is also called a face of ∆. The dimension of a face F of ∆, denoted dim F , is defined to be |F | − 1, where |F | denotes the number of vertices in F . The maximal faces of ∆ under inclusion are called the facets of ∆. There is a one-to-one correspondence between simplicial complexes and their facet sets.
If ∆ is a simplicial complex with vertex set V ∆ = {x 1 , . . . , x m }, then we can associate two ideals to ∆ in the polynomial ring R = F[x 1 , . . . , x m ]. (By abuse of notation we use x i to denote both a vertex of ∆ and a variable in R.) For a face F of ∆, we let x F be the monomial x∈F x in R. The facet ideal, I(∆), and Stanley-Reisner ideal, I ∆ , of ∆ are defined as follows:
Note that a connected graph X can be thought of as a simplicial complex with facet set equaling its edge set. In this situation, the facet ideal I(X) is also called the edge ideal. Additionally, we can associate another simplicial complex to X: the clique complex of X is the simplicial complex ∆(X) where F = {x i 1 , . . . , x i j } ∈ ∆(X) if and only if the induced subgraph X F is a complete graph. Note that when X is a simple graph, then the edge ideal I(X) is generated by square-free quadratic monomials and is equal to the Stanley-Reisner ideal of the clique complex of its complement, that is, I(X) = I ∆(X c ) . The following result uses Hochster's and Eagon-Reiner's formulas to compute the graded Betti numbers of I(X).
Theorem 5.1. ( [HvT] , Theorem 3.2.1) Let X be a simple graph with edge ideal I(X). Then
In the case when j = i + 2, the above formula involves only the 0-th homology, so we also have:
Theorem 5.2. ( [HvT] , Theorem 3.2.4) Let X be a simple graph with edge ideal I(X). Then for all i ≥ 0,
We now apply these results to compute the Betti numbers for I(X) for a specific collection of graphs X. First consider the case where j = |Y | < m so that
c Y ), F) = 0 unless j − i − 2 = 0, and consequently, β i,j = 0 unless j = i + 2. We use Theorem 5.2 to compute the remaining Betti numbers for j = i + 2. Since any acyclic graph with j vertices and t edges has j−t components, we see that [RvT] for the definition of a linear resolution).
Example 5.4. Here are the polynomial Betti numbers, β i,j , for the I (X[s] ) when m = 6. The first column corresponds to j = 0, the last non-zero entry (for β 3 (I(X[6])) corresponds to j = 6, and all other entries correspond to j = i + 2. Remark 5.5. One might notice that the final row of this table is symmetric. In the application to rings of invariants in Section 4, this corresponds to the fact that the invariant ring F[W ] G is Gorenstein when G ⊆ SL(W ) (see [Wat] ) so its minimal graded free resolution is self-dual.
Remarks 5.6. Minimal resolutions for I(X[0]) and I(X[m]) were described in [CHW] , where explicit basis elements and differentials were given and the complex was proved to be exact using a contracting homotopy. Also, the Betti numbers for I(X[0]) were found in [J] , Section 5, and in [RvT] , Example 2.10. The Betti numbers for I(X[s]), for s = 0, m − 1, and m, go back even further to a paper on rational singularities by Wahl [Wah] .
